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1
Edmonds [4] , .
[7] . , Faigle-Kern $[5, 6]$
. ,
Kr\"uger [9] b- . , Kr\"uger [9]
. ,
$[3, 8]$ . , , .
,
[2]. .
$E$ . $E$ $\mathcal{L}$ $\emptyset\in \mathcal{L}$ , $E\in \mathcal{L}$ , , $X,$ $\mathrm{Y}\in \mathcal{L}$
$X\cap Y\in \mathcal{L}$ , $\mathcal{L}$ . , $E$ $\mathcal{L}$ , $\mathcal{L}$
. $\mathcal{L}$ $\tau$ : $2^{E}arrow 2^{E}$ : $\tau(A)=\cap\{X\in \mathcal{L} : A\subseteq X\}$ .
, $\tau(A)$ $A$ . , $\tau$ 4 $D_{-}$ : $\tau(\emptyset)=\emptyset$ , $A\subseteq$
$\tau(A)$ , $A\subseteq B$ $\tau(A)\subseteq\tau(B)$ , $\tau(\tau(A))=\tau(A)$ . 4 $\tau$
. 4 $\tau$ , $\mathcal{L}=\{A\subseteq E:A=\tau(A)\}$ .
$\mathcal{L}$ , : $x,$ $y\in E$ $x,$ $y\not\in\tau(A)$
$y\in\tau(A\cup\{x\})$ , $A\subseteq E$ $y\not\in\tau(A\cup\{y\})$ .
.
11. $\mathcal{L}$ $E$ . , $\mathcal{L}$ , , $X\in \mathcal{L}\backslash$
$\{E\}$ , $x\in E\backslash X$ $X\cup\{x\}\in \mathcal{L}$ .
. [8, Chapter III, Theorem 13] .
. . $E$
. , $\{X\subseteq E : X=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}.\mathrm{h}\mathrm{u}\mathrm{l}\mathrm{l}(x)\cap E\}$
. 2 . $(E, \leq)$ . $E$ $E$
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, $[3, 8]$ .
$\tau$ $E$ $\mathcal{L}$ , $E$ $A\subseteq E$ $a$ $A$ ,
$a\not\in\tau(A\backslash \{a\})$ . $A$ $\mathrm{e}\mathrm{x}(A)$ , $A$ .
$\mathrm{e}\mathrm{x}(A)\subseteq A$ . $\mathcal{L}$ , $\mathrm{e}\mathrm{x}(\mathcal{L})=\{\mathrm{e}\mathrm{x}(A) : A\in L\}$ . $\emptyset\in \mathrm{e}\mathrm{x}(\mathcal{L})$
’
.
$\mathcal{L}$ $E$ , $A\subseteq E$ $\mathrm{e}\mathrm{x}(A)=$ {$x\in A$ : $x$ conv.hul1 $(A)$ }
. , $\mathcal{L}$ $E\text{ _{ } },$ $A\subseteq E$ $\mathrm{e}\mathrm{x}(A)$ $A$
.
, $\mathrm{M}\mathrm{i}\mathrm{n}\mathrm{k}\mathrm{o}\mathrm{W}\mathrm{S}\mathrm{k}\mathrm{i}-\kappa \mathrm{r}\mathrm{e}\mathrm{i}\mathrm{n}$-Milman :
13([3, 8]). $\mathcal{L}$ , , $A\subseteq E$
$A=\tau(\mathrm{e}\mathrm{x}(A))$ .
$\mathcal{L}$ $[3, 8]$ . , $\mathcal{L}$ join $\vee c$ meet $\wedge c$
: $A,$ $B\in \mathcal{L}$ $A\mathrm{v}_{c}B=\mathcal{T}(A\cup B)$ , $A\wedge c^{B}=A\cap B$ .
Minkowski-Krein-Milman ( 13) , $\mathrm{e}\mathrm{x}$ : $\mathcal{L}arrow \mathrm{e}\mathrm{x}(\mathcal{L})$ .
$\mathrm{e}\mathrm{x}:\mathcal{L}arrow \mathrm{e}\mathrm{x}(\mathcal{L})$ . , $\mathrm{e}\mathrm{x}(\mathcal{L})$ $\preceq$
(1) $X\preceq Y\Leftrightarrow\tau(X)\subseteq\tau(Y)$ for all $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ ,
, $\mathrm{e}\mathrm{x}(\mathcal{L})$ $\mathcal{L}$ . , join $\bigvee_{\mathrm{e}\mathrm{x}(}c$) meet $\bigwedge_{\mathrm{e}\mathrm{x}}(c)$ $A \bigvee_{\mathrm{e}\mathrm{x}}(c)B=$
$\mathrm{e}\mathrm{x}(\tau(A)\bigvee_{\mathcal{L}^{\mathcal{T}}}(B))$ , $A\wedge \mathrm{e}\mathrm{x}(c)B=\mathrm{e}\mathrm{x}(\mathcal{T}(A)\wedge c\tau(B))$ . , $\mathrm{e}\mathrm{x}$ : $\mathcal{L}arrow \mathrm{e}\mathrm{x}(\mathcal{L})$
$\tau$ $\mathrm{e}\mathrm{x}(\mathcal{L})$ .
, $\mathrm{V}_{\mathrm{e}\mathrm{x}(}c$) V , $\bigwedge_{\mathrm{e}\mathrm{x}(}c$ ) .
$\mathcal{L}$ $\mathrm{e}\mathrm{x}(\mathcal{L})$ 2 . $X,$ $1’\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , reduced
meet $X$ $Y$ : $X\text{ }Y=(X\wedge Y)\cap(X\cup \mathrm{Y})[9]$ . , residue $X$ $Y$
$X$ $Y=(X\cap Y)\backslash (XY)$ . $X\text{ }Y$ $X$ $Y$ $\mathrm{e}\mathrm{x}(\mathcal{L})$ .
22 .
$c\in \mathbb{R}_{+}^{E}$ $\mathrm{e}\mathrm{x}(\mathcal{L})$ $f(\emptyset)=^{\mathrm{o}}$ $f$ : $\mathrm{e}\mathrm{x}(\mathcal{L})arrow \mathbb{R}$ , $\mathcal{L}$
(P) :
(2) Maximize $\sum_{e\in E}c(e)x(e)$







(6) $y(X)\geq 0$ $(X\in \mathrm{e}\mathrm{X}(\mathcal{L}))$
–C .
(P) (D) – , (P) (D) .
Faigle-Kern [5] (D) Algorithm 1 (G) .
(G) .
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Input : $c\in \mathbb{R}_{+}^{E}$
Output : $y\in \mathbb{R}^{\mathrm{x}(\mathcal{L})}$ (an optimum of $(\mathrm{D})$ )
: $\pi$ (a permutation of $E$)
1 : Initialize:
2: $y(X)arrow \mathrm{O}$ $(\forall X\in \mathrm{e}\mathrm{x}(\mathcal{L}))$ ;
3 : $Tarrow E$ ;
4 : $w(e)arrow c(e)$ $(\forall e\in E)$ ;
5 : $\piarrow\emptyset$ ;
6Iterate:
7:while $T\neq\emptyset$ do
8determine $e\in \mathrm{e}\mathrm{x}(T)\mathrm{s}.\mathrm{t}$ . $w(e)= \min\{w(e’) : e’\in \mathrm{e}\mathrm{x}(T)\}$ ;
9 : $y(\mathrm{e}\mathrm{x}(\tau))arrow w(e)$ ;
10 : $\piarrow e\pi$ ;
11 : $w(x)arrow w(x)-w(e)$ $(\forall x\in \mathrm{e}\mathrm{x}(T))$ ;
12 : $Tarrow T\backslash \{e\}$ .
13 end of while
Algorithm 1: (G)
14(Kr\"uger [9], Ando [1] ). $\mathcal{L}$ . , $c\in \mathbb{R}_{+}^{E}$
(G) (D) , , $f$ : $\mathrm{e}\mathrm{x}(\mathcal{L})arrow \mathbb{R}$ $\mathrm{b}-$
, , $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $f(X)+f(Y)\geq f(X\mathrm{Y})+f(x_{\text{ }}Y)$ .
, Kr\"uger $\mathrm{b}-$ $\mathrm{c}-$
. $\mathcal{L}$ . , $f$ : $\mathrm{e}\mathrm{x}(\mathcal{L})arrow \mathbb{R}$ $\mathrm{c}-$ , $\chi^{X}+\chi^{Y}=$
$\chi^{X\vee Y}+\chi^{X\mathrm{n}Y}+\chi^{X\mathrm{o}Y}$ $X,$ $\mathrm{Y}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $f(X)+f(Y)\geq f(X\vee \mathrm{Y})+f$( $X$ $Y$ ) $+$






15. $L$ . , $\mathrm{e}\mathrm{x}(\mathcal{L})$ c- b-
– , , $\mathcal{L}$ .
15 44 .
Kr\"uger [9] 14 .
16. . , $c\in$ (G) (D)
, , $f$ : $\mathrm{e}\mathrm{x}(\mathcal{L})arrow \mathbb{R}$ c- .





21. $\mathcal{L}$ $E$ . $A\subseteq E$ , $a\in A$ $A$
$A\backslash \{a\}$ .
. . . $a$ $A$ $\tau(A\backslash \{a\})=A\backslash \{a\}$
. $\tau(A\backslash \{a\})\supseteq A\backslash \{a\}$ . $x\in\tau(A\backslash \{a\})$ . , $x\in\tau(A)$ $x\neq a$
. $A$ $x\in A\backslash \{a\}$ . , $\tau(A\backslash \{a\})\subseteq A\backslash \{a\}$ .
22. $\mathcal{L}$ , $\mathrm{e}\mathrm{x}(\mathcal{L})$ hereditary , , $A\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $B\subseteq A$ $B\in$
$\mathrm{e}\mathrm{x}(\mathcal{L})$ .
. $A\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $a\in A$ $a\not\in\tau(\tau(A)\backslash \{a\})$ .
, $B\subseteq A$ $b\in B$ . , $b\not\in\tau(\tau(B)\backslash \{b\})$ . $b\in B$
$b\in A$ , $b\not\in\tau(\tau(A)\backslash \{b\})$ . , $B\subseteq A$ $\tau(\tau(B)\backslash \{b\})\subseteq\tau(\tau(A)\backslash \{b\})$ ,
$b\not\in\tau(\tau(B)\backslash \{b\})$ .
, , $\mathrm{e}\mathrm{x}(\mathcal{L})$ .
23. $\mathcal{L}$ , $\preceq$ (1) $\mathrm{e}\mathrm{x}(\mathcal{L})$ . , $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$
$X\subseteq Y$ $X\preceq Y$ .
. $X\subseteq Y$ . , $\tau(X)\subseteq\tau(Y)$ . (1) $X\preceq Y$ .
24. $\mathcal{L}$ $E$ . $X,$ $Y\in \mathcal{L}$ , $e\in E$ $X=Y\backslash \{e\}$ , $\mathrm{e}\mathrm{x}(Y)\backslash \{e\}\subseteq$
$\mathrm{e}\mathrm{x}(X)$ .
. $x\in \mathrm{e}\mathrm{x}(Y)\backslash \{e\}$ . , $x\in X$ . , , $x\not\in\tau(Y\backslash \{x\})$ .
, $X\backslash \{x\}\subseteq \mathrm{Y}\backslash \{x\}$ , $x\not\in\tau(X\backslash \{x\})$ . , $x\in \mathrm{e}\mathrm{x}(X)$ .
25. $\mathcal{L}$ , $\preceq$ (1) $\mathrm{e}\mathrm{x}(\mathcal{L})$ . , $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $Y\preceq X$
. , $e\in X$ $e\in\tau(\mathrm{Y})$ $e\in Y$ .
. 21 $\tau(X)\backslash \{e\}$ . , $(\tau(X)\backslash \{e\})\cap\tau(Y)$ .
, $Y\preceq X$ $\tau(Y)\subseteq\tau(X)$ . , $(\tau(X)\backslash \{e\})\cap\tau(Y)=\tau(Y)\backslash \{e\}$ . 21 , $e\in Y$
26. $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $X$ $Y\subseteq X\cap Y\subseteq X$ $Y$ .
. $X$ Y $\subseteq X\cap Y$ . $e\in X\cap Y$ . , $e\in X$ $e\in Y$ , $e\in$
$\tau(X)$ $e\in\tau(Y)$ . , $e\in\tau(X)\cap\tau(\mathrm{Y})$ , 25 $e\in \mathrm{e}\mathrm{x}(\tau(X)\cap\tau(Y))$ ,
, $e\in X\wedge Y$ . , $e\in X\cup Y$ , $X\cap Y\subseteq X$ Y.
26 23 .
27. $\mathcal{L}$ , $\preceq$ (1) $\mathrm{e}\mathrm{x}(\mathcal{L})$ . , $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$
$X$ $Y\preceq X$ $Y\preceq XY$ .
residue .
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28. $E$ $\mathcal{L}$ , ,
$X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ $X$ $Y=\emptyset$ .
. $\mathcal{L}$ . , 12 $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ ,
$\tau(X)\cup\tau(Y)\subset\tau(\wedge \mathcal{T}(X)\cup\tau(Y))=\tau(X\vee Y)$ . , $a\in E$ $a\in\tau(X\mathrm{Y})\backslash (\tau(X)\cup$
$\tau(Y))$ . , $A=\mathrm{e}\mathrm{x}(\tau(X)\cup\{a\})$ , $B=\mathrm{e}\mathrm{x}(\tau(Y)\cup\{a\})$ $A$ $B\neq\emptyset$ . $a\in\tau(X$
$Y)\backslash (\tau(X)\cup\tau(Y))$ $a\not\in\tau(X)=\tau(\tau(X))=\tau((\tau(X)\cup\{a\})\backslash \{a\})$ . , $a$ $\tau(X)\cup\{a\}$
, $a\in \mathrm{e}\mathrm{x}(\tau(X)\cup\{a\})=A.$ , $a\in B$ , $a\in A\cap B$ . ,
$a\in XY$ . , $\tau(X\vee Y)\backslash \{a\}\in \mathcal{L}$ . , $a\not\in\tau(X)$ , $\tau(X)=\tau(X)\backslash \{a\}\subseteq$
$\tau(X\mathrm{v}Y)\backslash \{a\}$ . , $\tau(Y)\subseteq\tau(x\vee Y)\backslash \{a\}$ . , $X\vee Y$ . , $a\not\in X\vee Y$ .
, $\tau(A)=\tau(\mathrm{e}\mathrm{x}(\mathcal{T}(X)\cup\{a\}))\subseteq\tau(\tau(X)\cup\{a\})\subseteq\tau(\tau(X)\cup\tau(Y)\cup\{a\})=\tau(\tau(x)\cup\tau(Y))=\tau(X\mathrm{v}Y)$
, $A\preceq XY$ . , $B\preceq XY$ . , $\tau(X)\subseteq\tau(\tau(X)\cup\{a\})=\tau(A)$ $X\preceq A.$
, $Y\preceq B$ . . , $X\vee Y=A\vee B$ . , $a\not\in A\vee B$ . , $a\in(A\cap B)\backslash (A\vee B)=A$ B.
, $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ $X$ $Y\neq\emptyset$ . , $a\in E$ $a\in X$ ,
$a\in Y$ $a\not\in XY$ . 21 , $\tau(X)\backslash \{a\}\in \mathcal{L}$ $\tau(Y)\backslash \{a\}\in \mathcal{L}$ . , $\mathcal{L}$
. , 12 $(\tau(X)\backslash \{a\})\cup(\tau(Y)\backslash \{a\})\in \mathcal{L}$ , ,
$(\tau(X)\cup\tau(Y))\backslash \{a\}\in \mathcal{L}$ . , 12 $\tau(XY)=\tau(X)\cup\tau(Y)\in \mathcal{L}$ $a\in XY$
,
lower [3]. , $\mathrm{e}\mathrm{x}(\mathcal{L})$ $C$
, $|E|$ .
29. $\mathcal{L}$ $E$ . , $|E|=n$ , $\mathrm{e}\mathrm{x}(\mathcal{L})$ $C$ $C$ : $\emptyset\prec X_{1}\prec$
$X_{2}\prec X_{3}\prec\ldots\prec X_{n-1}\prec X_{n}=\mathrm{e}\mathrm{x}(E)$ , $a\in E$ $l\leq m$ $l,$ $m$
,
(8) $1\leq i<l\Leftrightarrow a\not\in\tau(X_{i})$
(9) $l\leq i\leq m\Leftrightarrow a\in X_{i}$
(10) $m<i\leq n\Leftrightarrow a\not\in X_{i},$ $a\in\tau(x_{i})$ .
. $\mathcal{L}$ $\mathrm{e}\mathrm{x}(\mathcal{L})$ , 11, 25 23 .
$\mathcal{L}$ $E$ , 29 , $a\in E$ $Z\in \mathrm{e}\mathrm{x}(\mathcal{L})$ 3
:
(11) $a\not\in Z,$ $a\in\tau(Z)$ $a$ $\tau(Z)$ (in);
(12) $a\in Z$ $a$ $\tau(Z)$ $(\mathrm{e}\mathrm{x})$ ;
(13) $a\not\in\tau(Z)$ $a$ $\tau(Z)$ (out).
, $a\in E$ $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $X,$ $Y,$ $XY,$ $X\wedge Y$ , 1 $\mathfrak{U}$ $\mathfrak{J}$
. , $\mathfrak{U}$ , $\mathfrak{B}$ , $a\in E$ $\tau(X)$ $\tau(Y)$ ,
$a$ $\tau(XY)$ , .
1 .
210. $\mathfrak{B}$ , , $a\in(X\wedge Y)\backslash (X\text{ }Y)$ .
211. $\mathrm{G}$ , , $a\in X$ $Y$ .
212. 6 , , $\chi^{X}(a)+\chi^{Y}(a)>\chi^{X\vee Y}(a)+\chi^{X\cap Y}(a)+\chi^{X\phi Y}(a)$ .





31. (G) $e\in E$ $w(e)\geq 0$ . , 9
$y(\mathrm{e}\mathrm{x}(\tau))$ .
. $e\in E$ $c(e)\geq 0$ , Initialize $e\in E$
$w(e)\geq 0$ . $w(e)$ , (G) 11 . ,
8 $e$ , $x\in \mathrm{e}\mathrm{x}(T)$ $w(x)\geq w(e)$
32. (G) Iteration $\mathrm{e}\mathrm{x}(T)\neq\emptyset$ .
. $\mathcal{L}$ $\mathrm{e}\mathrm{x}(\mathcal{L})$ , $\mathrm{e}\mathrm{x}(\emptyset)=\emptyset$ , $X\in \mathcal{L}$
$\mathrm{e}\mathrm{x}(X)\neq\emptyset$ . , Iteration $T\neq\emptyset$ , (G) Iteration
$\mathrm{e}\mathrm{x}(T)\neq\emptyset$ .
33. (G) 8 $w(e’)$ $e’\in \mathrm{e}\mathrm{x}(T)$ , $e$
, $y$ .
. $k$ Iteration $T$ , $w$ $T^{(k)}$ , $w^{(k)}$ . $k$ Iteration
8 2 . 3 2
.
2 $e_{1},$ $e_{2}\in \mathrm{e}\mathrm{x}(T^{()}k)$ . , $w^{(k)}(e_{1})=w^{(k)}(e_{2})$ , $e_{1},$ $e_{2}$
$e\in \mathrm{e}\mathrm{x}(T^{()}k)$ $w^{(k)}(e_{1})<w^{(k)}(e),$ $w^{(k)}(e_{2})<w^{(k)}(e)$ . , $e_{1}$
, $y(\mathrm{e}\mathrm{x}(T(k)))=e_{1}$ . Iteration $w^{(k+1)}(e_{2})=0$ , 29 $e_{2}\in$
$\mathrm{e}\mathrm{x}(\tau^{(}k+1))$ . $e_{2}$ $e\in \mathrm{e}\mathrm{x}(T^{()}k+1)$ $w^{(k+1)}(e_{2})<w^{(k+1)}(e)$
, 8 $e_{2}$ , , $y(\mathrm{e}\mathrm{X}(\tau^{(1)}k+))=0$ . ,
$T^{(k+)}2=T^{(k)}\backslash \{e_{1}, e_{2}\}$ .
$e_{2}$ , $y(\mathrm{e}\mathrm{x}(T(k)))=e_{2}$ , $y(\mathrm{e}\mathrm{X}(T^{(k+1})))=0$ , $T^{(k+)}2=$
$T^{(k)}\backslash \{e\mathrm{r}, e_{2}\}$ , $e_{1}=e_{2}$ , $y$ .
, 16 .
34. $n=|E|$ . (G) $E$ $\pi=e_{1}e_{2}\cdots e_{n}$
: $e_{i}\in\tau(\{e_{1}, \ldots, e_{j}\})$ $i\leq j$ . , $\{e_{1}, \ldots, e_{j}\}$ .
. .
$i>i$ . $\{e_{1}, \ldots, e_{j}\}\subseteq\{e_{1}, \ldots, e_{i-1}\}$ $\tau$ , $\tau(\{e_{1}, \ldots, e_{j}\})\subseteq\tau(\{e_{1}, \ldots, e_{i-1}\})$ .
, $e_{i}\in \mathrm{e}\mathrm{x}(\{e_{1}, \ldots, e_{i}\})$ . , (G) $T=\{e_{1}, \ldots, e_{i}\}$ 8 $e$
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$e_{i}$ . , $e_{i}\not\in\tau(\{e_{1}, \ldots, e_{i-1}\})$ . , $e_{i}\not\in\tau(\{e_{1}, \ldots, e_{j}\})$
34 , $\pi$ $A_{i}^{\pi}=\mathrm{e}\mathrm{x}(\{e_{1}, e2, \ldots, e_{i}\})$ , $x^{\pi}$
(14)
$\sum_{e\in A_{i}^{\pi}}x^{\pi}(e)=f(A_{i}^{\pi})$ $(i=1, \ldots, n)$
– . $x^{\pi}$ greedy vector . , $i<j$ $A_{i}^{\pi}\prec A_{j}^{\pi}$ , $C$ :
$\emptyset\prec A_{1}^{\pi}\prec A_{2}^{\pi}\prec r\cdot$ . $\prec A_{n}^{\pi}$ $\mathrm{e}\mathrm{x}(\mathcal{L})$ . $C$ greedy chain . .. $\cdot$
35. $i\in\{1, \ldots, n\}$ $l\in\{i, \ldots, n\}$ , $A_{j}^{\pi}$ $e_{i}\in A_{j}^{\pi}$
, , $j\in\{i, \ldots, l\}$ .
. 29
36. (G) $y\in \mathbb{R}_{+}^{\mathrm{e}\mathrm{x}(\mathcal{L}}$) – $y^{\pi}$ – .
(15)
$A \in\{A_{1}^{\pi}\mathrm{S}.\mathrm{t}.’ e.:\sum_{\} ,\in A^{n}A\pi}..,y(\pi A)=c(e_{i})$ $(i\in\{1, \ldots,n\})$
(16) $y^{\pi}(A)=0$ $(A\in \mathrm{e}\mathrm{x}(\mathcal{L})\backslash \{A_{1}^{\pi}, \ldots, A_{n}^{\pi}\})$
$y^{\pi}$ dual greedy vector
. $A\in \mathrm{e}\mathrm{x}(\mathcal{L})\backslash \{A_{1}^{\pi}, \ldots, A_{n}^{\pi}\}$ , $y^{\pi}(A)=0$ . , $i\in\{1, \ldots, n\}$
35
(17)
$A \in \mathrm{t}^{A^{\pi},..,A_{n}^{\pi}}\mathrm{S}.\mathrm{t}^{1}.e_{i}\in A\sum_{\}}.y^{\pi}(A)=\sum_{\iota i\leq j\leq}y(\pi A_{j}^{\pi})=i\leq\sum_{j\leq\iota}w(e_{j})=c(e_{i})$
.
.
37. $x^{\pi}$ $y^{\pi}$ : $A\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $y^{\pi}(A)>0$
$\sum\{X^{\pi}(e) : e\in A\}=f(A)$ .
. $A\in\{A_{1}^{\pi}, \ldots , A_{n}^{\pi}\}$ greedy vector .
greedy vector $x^{\pi}$ dual greedy vector $y^{\pi}$ .
38. Dual greedy vector $y^{\pi}$ (D) .
. $y^{\pi}\geq 0$ . $\sum\{y^{\pi}(X) : X\in \mathcal{L}\mathrm{s}.\mathrm{t}. e\in X\}=c(e)$ 36 .
$E$ $\mathcal{L}$ , $\mathrm{a}\mathrm{t}_{0\mathrm{m}}(\mathcal{L})=\{e\in E : \{e\}\in \mathcal{L}\}$ . $\mathcal{L}$ ,
atom $(\mathcal{L})=\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{m}(\mathrm{e}\mathrm{x}(\mathcal{L}))$ .
$\mathcal{L}$ $A\in \mathcal{L}$ , $\mathcal{L}$ $A$ $\mathcal{L}/A$ : $\mathcal{L}/A=\{X\backslash A$ : $X\in$
$\mathcal{L},$ $A\subseteq X\}$ . , $\mathcal{L}$ $E\backslash A\in \mathcal{L}$ , $A$ $\mathcal{L}\backslash A$ : $\mathcal{L}\backslash A=$
$\{X\in \mathcal{L} : X\subseteq E\backslash A\}$ . . :






39. $e\in \mathrm{a}\mathrm{t}\mathrm{o}\mathrm{m}(\mathcal{L})$ , $f$ : $\mathrm{e}\mathrm{x}(\mathcal{L})arrow \mathbb{R}$ C- . , $X\in \mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$
, $f’(X)\leq f(X)$ .
. $X\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $f’$ $f’(X)=f(X)$ .
$X\cup\{e\}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $f$ $\mathrm{C}-$ $e\not\in X$ $f(X)+f(\{e\})\geq f(X\cup\{e\})$
, $f’(X)=f(X\cup\{e\})-f(\{e\})\leq f(X)$ .
310. $\mathcal{L}$ $e\in \mathrm{a}\mathrm{t}\mathrm{o}\mathrm{m}(\mathcal{L})$ , $X\in \mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ . , $X\cup\{e\}\in \mathrm{e}\mathrm{x}(\mathcal{L})$
, , $e\not\in\tau(X)$ . , $\tau$ $\mathcal{L}$ .
. .
, $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ $\mathrm{e}\mathrm{x}(\mathcal{L})$ . $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ , , $\tau’$ ,
$\mathrm{e}\mathrm{x}’$ , $\mathrm{e}\mathrm{x}(\mathcal{L})$ . $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ $\mathrm{e}\mathrm{x}(L)$ $\iota$ : $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})arrow \mathrm{e}\mathrm{x}(\mathcal{L})$
: $X\in \mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ , $\iota(X)=\mathrm{e}\mathrm{x}(\tau’(x)\cup\{e\})$ . , 310 ,
(19) $\iota(X)=\{$
$X\cup\{e\}$ $(X\cup\{e\}\in \mathrm{e}\mathrm{x}(\mathcal{L}))$ ,
$X$ $(X\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L}))$
.
$\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ join, meet, reduced meet residue $’$ , $\wedge’$ , $\text{ ^{}\prime}$ , $\text{ ^{}\prime}$ ,
,
(20) $\iota(X’Y)$ $=$ $\iota(X)\iota(Y)$ ,
(21) $\iota(X\wedge’Y)$ $=$ $\iota(X)\wedge\iota(Y)$
, , $\iota$ : $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})arrow \mathrm{e}\mathrm{x}(\mathcal{L})$ .
311. $|E|>1$ , $e\in \mathrm{a}\mathrm{t}_{\mathrm{o}\mathrm{m}}(\mathcal{L})$ . $f$ : $\mathrm{e}\mathrm{x}(\mathcal{L})arrow \mathbb{R}$ c- ,
$f’$ : $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})arrow \mathbb{R}$ c- .
. $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ , $e\in\tau(\iota(X)),$ $\mathcal{T}(b(Y))$ , $X\cup\{e\}$ , $Y\cup\{e\}$ , $(X’$
$\mathrm{Y})$ $\cup\{e\}$ , $(X\wedge’Y)\cup\{e\}$ , 1 $\mathfrak{U},$ $\mathfrak{B},$ $\mathrm{C},$ $\mathrm{G}$ , .
$\mathfrak{U}$ , , $X\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $Y\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $(X’Y)\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $(X\wedge’Y)\cup\{e\}\not\in$
$\mathrm{e}\mathrm{x}(\mathcal{L})$ . (19) , $\iota(X)=X$ , $\iota(Y)=Y$ , $\iota(X’Y)=X’Y$ , $\iota(X\wedge’Y)=X\wedge’Y$ . ,
(20) , $\iota(X’\mathrm{Y})=\iota(X)\vee\iota(Y)=X\vee Y$ . , (21) , $\iota(X\wedge’Y)=\iota(X)\wedge\iota(Y)=X\wedge Y$ .
, $X$ ’ $Y=X\text{ }Y$ , $X$ ’ $Y=X$ Y. , $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ $\chi^{X}+\chi^{Y}=x^{x\mathrm{Y}}\vee^{l}+\chi^{XY}\Pi’+$
$\chi^{X\text{ ^{};}Y}$ , $\mathrm{e}\mathrm{x}(\mathcal{L})$ $\chi^{X}+\chi^{Y}=\chi \mathrm{x}\vee Y+\chi^{X\cap Y}+\chi^{X<Y}$’ , 39 ,
$f’(X)+f’(Y)=f(X)+f(Y)$
$\geq f(XY)+f$ ($X$ $Y$ ) $+f$ ($X$ $Y$ )
$\geq f’(X\vee Y)+f’$ ($X$ $Y$ ) $+f’$ ($X$ $Y$ )
$=f’(x\mathrm{v}^{l}Y)+f’(X\text{ ^{}\prime}Y)+f’$ ($X$ ’ $Y$ ).
$\mathfrak{B}$ , , $X\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $Y\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $(X’Y)\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $(X\wedge’Y)\cup\{e\}\in$
$\mathrm{e}\mathrm{x}(\mathcal{L})$ . (19) , $\iota(X)=X$ , $\iota(Y)=Y$ , $\iota(X’Y)=X’Y$ , $\iota(X\wedge’Y)=(X\wedge’Y)\cup\{e\}$ .
, (20) , $\iota(X’\mathrm{Y})=\iota(X)\vee\iota(Y)=x\vee Y$ . , (21) , $\iota(X\wedge’Y)=\iota(X)\wedge\iota(\mathrm{Y})=$
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$X\wedge Y$ . , $X\text{ ^{}\prime}$ $Y=X$ Y. , $e\not\in X\cup Y$ ,





, $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ $\chi^{X}+\chi^{Y}=\chi^{X\mathrm{v}’Y}+\chi^{X\cap’}Y+\chi^{XY}<\rangle’$ , $\mathrm{e}\mathrm{x}(\mathcal{L})$ $\chi^{X}+$
$\chi^{Y}=\chi^{X\vee Y}+x^{x\mathrm{n}Y}+\chi^{X\text{ }Y}$ , 39 ,
$f’(X)+f’(\mathrm{Y})=f(x)+f(Y)$
$\geq f(XY)+f$ ($x$ $Y$ ) $+f(X\text{ }Y)$
$\geq f’(X\vee \mathrm{Y})+f’$ ( $x$ $Y$ ) $+f’(x\text{ }Y)$
$=f’(X^{l}Y)+f’(X\text{ }Y;)+f’(x\text{ ^{}\prime}Y)$ .
$\mathrm{C}$ , , $X\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $Y\cup\{e\}\in \mathrm{e}\mathrm{x}(.\mathcal{L})$, $(X’Y)\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $(X\wedge’\mathrm{Y})\mathrm{U}$
$\{e\}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ . (19) , $\iota(X)=X$ , $\iota(Y)=\mathrm{Y}\cup\{e\}$ , $\iota(X\vee^{J}Y)=X’Y$ , $\iota(X\wedge’Y)=$
$(X\wedge^{l}Y)\cup\{e\}$ . , (20) , $\iota(X’Y)=\iota(X)\iota(\mathrm{Y})=X(Y\cup\{e\})$ . , (21) ,
$\iota(X\wedge’Y)=\iota(X)\wedge\iota(Y)=X\wedge(\mathrm{Y}\cup\{e\})$. , $X’Y=X(Y\cup\{e\})$ , $(X\wedge’\mathrm{Y})\cup\{e\}=x\wedge(\mathrm{Y}\cup\{e\})$.
, $Y\subseteq \mathrm{Y}\cup\{e\}$ 23 $Y\preceq \mathrm{Y}\cup\{e\}$ . $\mathrm{Y}\cup\{e\}\subseteq\tau(Y)\cup\{e\}\subseteq\tau(X)\cup\tau(\mathrm{Y})\subseteq$
$\tau(\tau(X)\cup\tau(Y))=\tau(XY)$ $\tau(\mathrm{Y}\cup\{e\})\subseteq\tau(X\mathrm{Y})$: , $Y\cup\{e\}\preceq XY$ . ,
$XY=X(\mathrm{Y}\cup\{e\})=X’Y$ , $X\text{ }(Y\cup\{e\})=X$ $Y=X$ ’ $\mathrm{Y}$ . ,




, $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ $\chi^{X}+\chi^{Y}=x^{\mathrm{x}\mathrm{v}’}Y+x^{x\mathrm{n}’}Y+\chi^{XY}<\rangle’$ , $\mathrm{e}\mathrm{x}(\mathcal{L})$
$\chi^{X}+\chi^{Y\cup\{e\}}=\chi^{x_{\vee(\cup}}Y\{e\})+\chi^{X}$ $(Y\cup\{e\})+x^{\mathrm{x}\mathrm{c}(\cup}’ Y\{e\})$ , 39 ,
$f’(X)+f’(Y)=f(x)+f(Y\cup\{e\})-f(\{e\})$
$\geq f(X\vee(Y\cup\{e\})+f$ ($X$ $(Y\cup\{e\})$ ) $+f$ ($X$ $(\mathrm{Y}\cup\{e\})$ ) $-f(\{e\})$
$=f(X\mathrm{v}’Y)+f((X\text{ }Y)’\cup\{e\})+f(x\text{ ^{}\prime}Y)-f(\{e\})$
$\geq f’(x\vee’Y)+f’(X^{\text{ ^{}\prime}Y})+f’(x_{\text{ ^{}\prime}}Y)$ .
$\mathrm{C}$ . , $X\cup\{e\}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $Y\cup\{e\}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $(X’Y)\cup\{e\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $(X\wedge’Y)\cup\{e\}\in$
$\mathrm{e}\mathrm{x}(\mathcal{L})$ . (19) , $\iota(X)=X\cup\{e\}$ , $\iota(Y)=Y\cup\{e\}$ , $\iota(X’Y)=X’Y$ , $\iota(X\wedge^{;}Y)=$
$(X\wedge’Y)\cup\{e\}$ . , (20) , $\iota(X’Y)=\iota(X)\vee b(Y)=(X\cup\{e\})(Y\cup\{e\})$ . , (21)
, $\iota(X\wedge’Y)=\iota(X)\wedge\iota(Y)=(X\cup\{e\})\wedge(Y\cup\{e\})$ . , $X’Y=(X\cup\{e\})\vee(Y\cup\{e\})$ ,
$(X\wedge’Y)\cup\{e\}=(X\cup\{e\})\Lambda(Y\cup\{e\})$ . , $\mathrm{C}$ , $X\preceq X\cup\{e\}\preceq X\vee Y$ , $Y\preceq$
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$\mathrm{Y}\cup\{e\}\preceq X\vee Y$ , $X\vee \mathrm{Y}=(X\cup\{e\})\vee(\mathrm{Y}\cup\{e\})=X\vee^{l}Y$ . ,




(X ’ $Y$ ) $\cup\{e\}=((X\cap Y)\backslash (x\prime \mathrm{Y}))\cup\{e\}$
$=((X\cap Y)\backslash (XY))\cup\{e\}$
$=((x\cap \mathrm{Y})\cup\{e\})\backslash (X\vee \mathrm{Y})$
$=((X\cup\{e\})\cap(Y\cup\{e\}))\backslash ((X\cup\{e\})(Y\cup\{e\}))$
$=(X\cup\{e\})\text{ }(Y\cup\{e\})$ .
, $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ $\chi^{X}+\chi^{\mathrm{Y}}=\chi^{X’Y}+x^{\mathrm{x}\Pi’}Y+\chi^{X\text{ ^{}\prime}Y}$ , $\mathrm{e}\mathrm{x}(\mathcal{L})$
$\chi^{X\cup\{e\}}+\chi^{Y\cup\{e\}}=\chi^{(\mathrm{x}\cup\{e\}})\mathrm{v}(Y\cup\{e\})+\chi^{(\mathrm{x}\cup\{}e\})\Pi(Y\cup\{e\})+\chi^{(x\cup\{}e\})\mathrm{c}’(Y\cup\{e\})$ , 39 ,
$f’(X)+f’(\mathrm{Y})=f(X\cup\{e\})+f(Y\cup\{e\})-2f(\{e\})$
$\geq f((X\cup\{e\})(Y\cup\{e\})+f((X\cup\{e\})\text{ }(Y\cup\{e\}))$
$+f$ ( $(X\cup\{e\})$ $(\mathrm{Y}\cup\{e\})$) $-2f(\{e\})$
$=f(X’\mathrm{Y})+f((X\text{ ^{}\prime}\mathrm{Y})\cup\{e\})+f$ ( $(X$ ’ $Y)\cup\{e\}$ ) $-2f(\{e\})$
$\geq f’(X\vee^{J}\mathrm{Y})+f(x_{\text{ ^{}\prime}}Y)+f(X\text{ ^{}\prime}Y)$ .
. , $X\cup\{e\}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $\mathrm{Y}\cup\{e\}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , (X $’Y$) $\cup\{e\}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , (X $\wedge’Y$ ) $\cup$
$\{e\}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ . (19) , $\iota(X)=X\cup\{e\}$ , $\iota(\mathrm{Y})=\mathrm{Y}\cup\{e\}$ , $\iota(X’Y)=(X’Y)\cup\{e\}$ ,
$\iota(X\wedge’Y)=(X\wedge’Y)\cup\{e\}$ . , (20) , $\iota(X’\mathrm{Y})=\iota(X)\iota(\mathrm{Y})=(X\cup\{e\})(Y\cup\{e\})$ .
, (21) , $\iota(X\wedge’Y)=\iota(X)\wedge\iota(Y)=(X\cup\{e\})\wedge(Y\cup\{e\})$ . , $(X\vee^{l}Y)$ $\cup\{e\}=$
(X $\cup\{e\}$ ) $(Y\cup\{e\})$ , (X $\wedge’Y$) $\cup\{e\}=$ (X $\cup\{e\}$ ) $\wedge(Y\cup\{e\})$ . , $\not\in$ ,
$(X\mathrm{Y})\cup\{e\}=(X\cup\{e\})(Y\cup\{e\})=(X’Y)\cup\{e\}$ , $(X\cup\{e\})\text{ }(Y\cup\{e\})=(x_{\text{ ^{}\prime}}Y)\cup\{e\}$ ,
$(X\cup\{e\})$ $(\mathrm{Y}\cup\{e\})=X$ ’ Y. , $\mathrm{e}\mathrm{x}(\mathcal{L}/\{e\})$ $\chi^{X}+\chi^{Y}=\chi^{X\vee’}Y+\chi^{XY}\mathrm{n}’+\chi^{XY}<\rangle’$




$+f$ ( $(X\cup\{e\})$ $(Y\cup\{e\})$ ) $-2f(\{e\})$
$=f((x\mathrm{v}’\mathrm{Y})\cup\{e\})+f$ ( $(X$ ’ $Y)\cup\{e\}$ ) $+f$ ( $X$ ’ $Y$) $-2f(\{e\})$
$\geq f’(X\mathrm{v}’Y)+f(x_{\text{ ^{}\prime}}Y)+f(X\text{ ^{}l}Y)$ .
312. $f$ c- , greedy vector $x^{\pi}$ (P) .
. $|E|$ .





. , $e_{1}$ $\mathrm{e}\mathrm{x}(\mathcal{L})$ atom , 311 $f’$ c- . $x^{\pi’}$
$e \in A\dot{.}\pi\backslash \sum_{\prime}\{e_{1}\}X^{\pi’}(e)=f’(A_{i}^{\pi}\backslash \{e_{1}\})$ $(i=2, \ldots, n)$
– . , $A_{i}^{\pi}=\mathrm{e}\mathrm{x}(\{e_{1}, \ldots, e_{i}\})$ , $e\in\{e_{2}, \ldots, e_{n}\}$ $x^{\pi’}(e)=x^{\pi}(e)$
. , $X\in \mathrm{e}\mathrm{x}(\mathcal{L}/\{e_{1}\})$ , $\sum\{x^{\pi’}(e) : e\in X\}\leq f’(X)$
.
$|E|=n>1$ , $X\in \mathrm{e}\mathrm{x}(L)$ 3 .
Case 1. $e_{1}\in X$ . $\sum\{x^{\pi}(e) : e\in X\}=x^{\pi}(e_{1})+\sum\{x^{\pi}(e) : e\in X\backslash \{e_{1}\}\}=x^{\pi}(e_{1})+\sum\{x^{\pi’}(e)$ :
$e\in X\backslash \{e_{1}\}\}\leq x^{\pi}(e_{1})+f^{l}(X\backslash \{e_{1}\})\leq x^{\pi}(e_{1})+f(X)-f(\{e_{1}\})=x^{\pi}(e_{1})+f(X)-x^{\pi}(e_{1})=f(X)$ .
Case 2. $e_{1}\not\in X$ $X\cup\{e_{1}\}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ . $X$ $\{e_{1}\}=\emptyset$ , X {el} $=\emptyset$ , $\sum\{x^{\pi}(e)$ : $e\in$
$X \}=\sum\{x^{\pi’}(e) : e\in X\}\leq f’(X)=f(X\cup\{e_{1}\})-f(\{e1\})\leq f(X)-f$($X$ $\{e_{1}\}$ ) $-f(x_{\text{ }}\{e_{1}\})=f(X)$ .
Case 3. $e_{1}\not\in X$ $X\cup\{e_{1}\}\not\in \mathrm{e}\mathrm{x}(\mathcal{L})$ . $X\in \mathrm{e}\mathrm{x}(\mathcal{L}/\{e_{1}\})$ , $\sum\{x^{\pi}(e) : e\in X\}=$
$\sum\{x^{\pi’}(e) : e\in X\}\leq f’(X)=f(X)$ .
, 16 $\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{y}- \mathrm{i}\mathrm{f}-\mathrm{P}^{\mathrm{a}\mathrm{r}}\mathrm{t}$ . If-part – .
313. $c\in \mathbb{R}_{+}^{E}$ , $\mathrm{e}\mathrm{x}(\mathcal{L})$ $\tilde{C}$ : $\emptyset\prec A_{1}\prec A_{2}\prec$ . $..\prec A_{m}$
$\lambda_{i}>0(i=1, \ldots, m)$ – ,
(22) $c= \sum_{i=1}^{m}\lambda i\chi^{A_{i}}$
$c$ .
. Greedy chain $C$ dual greedy vector $y^{\pi}$ , $\tilde{C}=\{A\in C : y^{\pi}(A)>0\}$ .
, – .
$E\backslash \{e\}\in \mathcal{L}$ $e\in E$ $\mathcal{L}\backslash \{e\}$ . , $Z=\{e\in E:c(e)>$
$0\}$ . $\mathrm{e}\mathrm{x}(Z)\neq \mathrm{e}\mathrm{x}(E)$ . $\mathrm{e}\mathrm{x}(Z)=\mathrm{e}\mathrm{x}(E)$ , $A_{m}=\mathrm{e}\mathrm{x}(E)$ ,
$\lambda_{m}=\min\{c(e) : e\in \mathrm{e}\mathrm{x}(E)\}$ , – .
16 . $\mathrm{O}\mathrm{n}\mathrm{l}\mathrm{y}- \mathrm{i}\mathrm{f}_{-}\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{t}$ 36, 37, 312, 38 . If-part , $\beta+\chi^{Y}=\chi^{X\vee Y}+\chi^{X\cap Y}+$
$\chi^{X\text{ }Y}$ $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , 23 27 , $X$ $\mathrm{Y}\preceq X$ $\mathrm{Y}\preceq$
$X\mathrm{V}Y$ , 3 $\mathrm{e}\mathrm{x}(\mathcal{L})$ $C$ . , 313 , $c=$
$\sum\{y(A)\chi^{A} : A\in C\}$ $c$ . (P) $x$ . $\overline{A}\in C$ ,
$\sum\{x(e) : e\in\overline{A}\}<f(\overline{A})$ ,
$\sum_{e\in E}c(e)x(e)=\sum_{e\in E}(_{A\in C\mathrm{s}}\sum_{e\mathrm{t}.\in A}.y(A)\mathrm{I}X(e)=\sum_{A\in C}(y(A)\sum_{e\in A}X(e)\mathrm{I}<A\in\sum_{c}y(A)f(A)$
. (G) . , $A\in C$ , $\sum\{x(e) : e\in A\}=$
$f(A)$ . , $f(XY)+f$($X$ $Y$ ) $+f$ ( $X$ $\mathrm{Y}$ ) $= \sum\{x(e) : e\in X\vee Y\}+\sum\{x(e)$ : $e\in$




41 (P) totally dual integrality
(P) (3) totally dual integrality ( ) .
(P) , $c$ $f$ . , (P) totally dual
integral , $c$ (22) , $\lambda_{i}(i=1, \ldots, m)$
. [11] .
(D) greedy chain $C$ : $\emptyset\prec A_{1}^{\pi}\prec A_{2}^{\pi}\prec\cdots\prec A_{n}^{\pi}$ $n\cross n$




. 35 , interval matrix [11, pp. 279] , , 1
. Interval matrix totally unimodular , ,
$0,$ $+1,$ $-1$ , .
41. $f$ : $\mathrm{e}\mathrm{x}(\mathcal{L})arrow$ c- , (P) totally dual
integral .
42 $\mathrm{c}-$ Lov\’asz
Ando [1] b- Lov\’asz , c-
Lov\’asz .
$c\in \mathbb{R}_{+}^{E}$ (22) , $f$ : $\mathrm{e}\mathrm{x}(\mathcal{L})arrow \mathbb{R}$ ,
(24) $\hat{f}(c)=\sum\lambda if(Ai)i=1m$
$\hat{f}$ : $\mathbb{R}_{+}^{E}arrow \mathbb{R}$ $f$ Lov\’asz . Lov\’a\’asz Lova\’asz [10] . $\hat{f}$
, , $\mu>0$ , $\hat{f}(\mu c)=\mu(\wedge c)$ .
42. $\mathcal{L}$ $E$ . $f$ : $\mathrm{e}\mathrm{x}(\mathcal{L})arrow \mathbb{R}$ c- , ,
(24) Loviz $\hat{f}:\mathbb{R}_{+}^{E}arrow \mathbb{R}$ . ,
. $f$ C- , 16
(25) $\hat{f}(c)=\max\{\sum_{e\in E}C(e)x(e)$ :
$\sum_{e\in^{\mathrm{x}}}X(e)\leq f(X)$
for all $X\in \mathrm{e}\mathrm{x}(\mathcal{L})\}$
, $\hat{f}$ .
, $\hat{f}$ , $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $\hat{f}(\chi^{x})+\hat{f}(\chi^{Y})\geq 2\hat{f}((\chi^{X}+\chi^{Y})/2)=$
$\hat{f}(\chi^{X}+\chi^{Y})$ , $X,$ $Y$ $\chi^{X}+\chi^{Y}=x^{x\mathrm{v}Y}+x^{x\mathrm{n}Y}+x^{\mathrm{x}\text{ }Y}$ , $f(X)+f(Y)=$
$\hat{f}(\chi^{\mathrm{x}})+\hat{f}(\chi^{Y})\geq\hat{f}(\chi^{X}+\chi^{Y})=\hat{f}(,x^{\mathrm{x}\vee Y}+x^{x\mathrm{n}Y}+\chi^{X<\rangle})Y=f(X\mathrm{v}Y)+f$( $X$ $Y$ ) $+f$ ( $X$ $Y$) ,
$f$ c- . 27 .
43 $\mathrm{b}-$
Kr\"uger [9] $\mathcal{L}$ $f$ : $\mathrm{e}\mathrm{x}(\mathcal{L})arrow$ b-
(G) . , b-
(G) $\mathcal{L}$
44 . 44 15 .
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43. $.\mathcal{L}$ $E$ , . , $X$ $Y\neq\emptyset$
$X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $\chi^{X}+\chi^{Y}=\chi^{x_{\vee}Y}+\chi^{X\Pi Y}+\chi^{X\text{ }Y}$ .
. $\mathcal{L}$ , 28 , $X,$ $Y\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $X$ $Y\neq$
$\emptyset$ . $X,$ $\mathrm{Y}$ $|\tau(X\mathrm{Y})\backslash \tau(X)|+|\tau(XY)\backslash \tau(Y)|$ $X^{*},$ $Y^{*}$
. , $\chi^{X^{*}}+\chi^{Y}$ $>x^{x\cdot \mathrm{v}Y}*+\chi^{X^{\mathrm{e}_{\Pi}}Y}+\chi^{X^{*}<Y^{*}}\rangle$ , 212 ,
, $b\in E$ , $b\in X^{*}$ , $b\not\in\tau(Y^{*})$ , $b\not\in X^{*}\vee \mathrm{Y}^{*},$ $b\in\tau(X^{*}\vee \mathrm{Y}^{*})$ . ,
29 , $\mathrm{Y}^{l}\in \mathrm{e}\mathrm{x}(\mathcal{L})$ , $b\in Y’$ $Y^{*}\prec \mathrm{Y}’\prec X^{*}\mathrm{Y}^{*}$ . , $X^{*}Y^{*}=$
$X^{*}\vee Y’$ . , $|\tau(X*\vee Y*)\backslash \tau(X*)|+|\tau(X^{*}\vee Y*)\backslash \mathcal{T}(Y^{*})|>|\tau(X^{*}\mathrm{Y}’)\backslash \tau(X^{*})|+|\tau(x*\mathrm{Y}’)\backslash \mathcal{T}(Y’)|$
, $X^{*},$ $Y^{*}$ .
44. $\mathcal{L}$ . $\mathcal{L}$ , ,
(G) b- $f$ (D) .
. $\mathrm{O}\mathrm{n}\mathrm{l}\mathrm{y}- \mathrm{i}\mathrm{f}_{- \mathrm{p}\mathrm{t}}\mathrm{a}\mathrm{r}$ 14 , if-part . $\mathcal{L}$ .
, $f$ $X=\emptyset$ $f(X)=0$, , $f(X)=1$ , $f$ b-
, 43 c- . , (G) $f$
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